It is a well-known result that, in projective space over a field, every set-theoretical complete intersection of positive dimension in connected in codimension one (Hartshorne [H1, 3.4.6] or [H2, Theorem 1.3]). Another important connectedness result is that a local ring with disconnected punctured sprectrum has depth at most 1 ([H1, Proposition 2.1]). The two results are related, Hartshorne calls the latter "the keystone to the proof" of the former (loc. cit).
Introduction
In [H1, 2.1], Hartshorne proved (then by elementary means) Theorem 1 Let (R, m) be a noetherian local ring whose punctured spectrum Spec(R) \ {m} is disconnected.
depth(R) = depth(m, R) ≤ 1
Hartshorne's result can be generalized:
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To the best of my knowledge this was first observed by Irving Kaplansky (no reference). It is nowadays well known that theorem 2 can be proved quickly using local cohomology by a straightforward adaption of the method used in [I, proof of Proposition 15.7] .
It is natural to formulate Kaplansky's result for set-theoretical complete intersections (trivially, the case h = 0 gives back Theorem 2, in the local case):
Though Kaplansky's result can be proved quickly using local cohomology, it is in some sense strong: For example, it implies immediately (by working in the graded instead of in the local situation) that two 'skew' (i. e., not contained in a plane) lines in P 3 are not a set-theoretical complete intersection, cf. [I, Example 15 .10] and note that this specific example is also covered both by Faltings' connectedness theorem (e. g. as given in a simple form in [I, Theorem 15.11] ; the full statement [F, Cor. 4 ] is more sophisticated) and by Hartshorne's connectedness theorem stating that, in projective space over a field, every set-theoretical complete intersection of positive dimension in connected in codimension one ([H1, 3.4.6] And though it is strong in the aforementioned sense, Kaplansky's result generalizes smoothly from set-theoretical complete intersections to cohomologically complete intersections: The sole content of this note is to prove this somewhat surprising fact (theorem in section 2 below).
The proof makes significant use of the fact that, for a cohomologically complete intersection ideal I in a local complete ring R, one has
where h denotes the codimension of I ([HeSt, Theorem 2.2 (iii)]).
Result
An ideal I of a local noetherian ring R is called cohomologically complete intersection ( [HeSc1] , [HeSc2] ) whenever H h I (R) = 0 for all i = h for some h (which is then necessarily the height of I). In [HeSc1, Theorem 3.2] it was shown that for R Gorenstein this condition is completely encoded in homological properties of H height(I) I (R) . ([HeSc2, Theorem 4.4 ] is a related result for modules.) This condition is clearly weaker than being a set-theoretical complete intersection; the actual difference between these two notions can be described in terms of regular sequences on the Matlis dual of the (only) local cohomology module ([He, 1.1.4 Corollary]).
Theorem Let (R, m) be a local noetherian ring, I, J R ideals of R such that √ I √ J, √ J √ I and I ∩ J is a cohomologically complete intersection of depth h. depth(I + J, R) ≤ h + 1.
